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Abstract
We introduce a new tool, called the orbit automaton, that describes the action of an automaton group G on
the subtrees corresponding to the orbits of G on levels of the tree. The connection between G and the groups
generated by the orbit automata is used to find elements of infinite order in certain automaton groups for
which other methods failed to work.
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Introduction
Groups generated by automata were formally introduced in 1960’s [1, 2], but gained a significant attention
after remarkable discoveries in 1970’s and 1980’s that the class of these groups contains counterexamples to
several long-standing conjectures in group theory. The first such evidence came in 1972 with the construction
by Aleshin of an infinite periodic group generated by two initial automata [3] (the complete proof can be
found in [4, 5]). But the field truly started to thrive after works of Grigorchuk [5, 6] that introduced
new methods of self-similarity and length contraction, and provided simpler counterexamples to the general
Burnside problem, and the first counterexamples to the Milnor’s problem on growth in groups [7]. We will
also mention work of Gupta and Sidki [8] that brought to life another series of related examples of infinite
finitely generated p-groups and introduced a very powerful language of rooted trees to the field.
The class of automaton groups is particularly interesting from the computational viewpoint. The internal
structure and complexity of these groups make computations by hands quite complicated, and sometimes
infeasible. Even though the word problem is decidable for the whole class, other general algorithmic problems
including the conjugacy problem and the isomorphism problem are known to be undecidable in general [9].
The order problem was recently shown to be undecidable in the classes of semigroups generated by au-
tomata [10] and groups generated by asynchronous automata [11]. However, the beauty of this class lies
in the plethora of partial methods solving many algorithmic problems in majority of cases. For example,
it was shown recently that the conjugacy problem and the order problem are decidable in the group of all,
so-called, bounded automata [12].
Two software packages (FR [13] and AutomGrp [14]) for GAP [15] system have been developed to address the
computational demand in automaton groups and semigroups. Many of partial methods implemented in these
packages rely heavily on the contraction of the length of the words while one passes to the sections at the
vertices of the tree on which the group acts. However, not all automaton groups possess this property. In
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particular, such contraction rarely happens in groups generated by the reversible automata. While working
with these groups available software often fails to produce definite answers. At the same time, additional
structure of reversible automata allows us to prove certain general results about the groups in this class.
For example, in [16] it is proved that the finiteness problem is decidable in the class of groups generated by
2-state reversible automata, in [17] it is proved that infinite groups generated by connected 3-state reversible
automata always contain elements of infinite order. Further, in [18] it is shown that invertible reversible
automata that have no bireversible component with any number of states generate infinite torsion-free
semigroups. There are also several papers [19, 20, 21, 22, 23, 24] devoted to the realization of free groups
and free products of groups as groups generated by automata. All of the automata in the constructed families
are reversible and by now all known free non-abelian automaton groups are either generated by reversible
automata, or build from such groups [25]. The above works use the interplay between the automaton and
its dual to obtain the description of the group. Note, that there are other realizations of free groups as
subgroups of automaton groups (i.e. when we drop the “self-similarity” condition requiring the sections of
the elements of the group to remain in the group). Specifically, the first realization of a nonabelian free
group as a group generated by automata was achieved by Brunner and Sidki [26].
In this paper we introduce a new tool, called the orbit automaton, that can help to find the orders of some
elements of automaton groups for which other methods fail to work. The main idea can be described as
follows. Suppose an automaton group G acts not spherically-transitively on a rooted tree X∗ consisting of
all finite words over some finite alphabet X , i.e. there is the smallest level l of the tree on which G acts
non-transitively. Each orbit O of the action of G on X l in this case induces an invariant under G subtree TO
of X∗ consisting of all words over X that have subwords only from O. This tree is not regular any more: it
contains the l-th level X l of X∗ and each vertex of X l is the root of a regular |O|/|X l|-ary subtree of TO.
The orbit automaton associated with O describes the action of G on these smaller degree subtrees. We
show that for each automaton group G there is only finitely many different orbit automata (even when we
consider the iterations of the above construction), and provide connections between G and groups generated
by these orbit automata. Moreover, for reversible automata such connections provide more details about the
groups Gˆ generated by the automaton dual to the automaton generating G.
As our main application we consider two groups that are generated by 4-state bireversible automata and
prove that both of these groups contain torsion-free subsemigroups on at least two generators. These two
groups were of a particular interest in the classification of all groups generated by 4-state automata over
2-letter alphabet started in [27]. Recall, that the classification of all 3-state automata over 2-letter alphabet
was developed in [28], where the notion of minimially symmetric automata was introduced. Namely, two
automata are called symmetric if it is possible to obtain one from the other by a sequence of symmetry
operations that include permuting the states, permuting the letters of the alphabet, and passing to the inverse
of the automaton. Two automata are calledminimally symmetric if their minimizations are symmetric. Both
symmetry and minimal symmetry are obviously equivalence relations on the set of all automata that refine
the relation induced by isomorphism of generated groups.
Among groups generated by 7471 non-minimally symmetric 4-state 2-letter automata all but 6 groups were
shown in [27] either to be finite, or to contain an element of infinite order. Two out of these six groups are
exactly groups studied here. The techniques developed in this paper potentially could be applied to handle
the remaining four groups as well, as they are also generated by reversible automata.
The structure of the paper is as follows. In Section 1 we set up the notation for automaton groups and recall
necessary notions of the dual automaton, (bi)reversible automata, and the orbit tree. We introduce orbit
automata and discuss the connections between the whole group and the groups generated by corresponding
orbit automata in Section 2. In Section 3 we present the main applications of the techniques developed in
Section 2.
Acknowledgement. The authors would like to thank Ievgen Bondarenko, Rostislav Grigorchuk, and Said
Sidki for reading the first drafts of the paper and bringing up useful suggestions that enhanced the paper.
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1. Preliminaries
Let X be a finite set, called an alphabet, and let X∗ denote the set of all finite words over X (that can be
though of as the free monoid generated by X). This set can be naturally endowed with a structure of a rooted
|X |-ary tree (where for a set Y we denote by |Y | its cardinality) by declaring that v is adjacent to vx for any
v ∈ X∗ and x ∈ X . The empty word ε corresponds to the root of the tree and Xn corresponds to the n-th
level of the tree. We will be interested in the groups of automorphisms and semigroups of endomorphisms
of X∗ (as a graph). Any such endomorphism can be defined via the notion of an initial automaton.
Definition 1. A Mealy automaton (or simply automaton) is a tuple A = (Q,X, π, λ), where Q is a set (the
set of states), X is a finite alphabet, π : Q×X → Q is a transition function and λ : Q×X → X is an output
function. If the set of states Q is finite the automaton A is called finite. If for every state q ∈ Q the output
function λ(q, ·) induces a permutation of X , the automaton A is called invertible. Selecting a state q ∈ Q
produces an initial automaton Aq.
Automata are often represented by the Moore diagrams. The Moore diagram of an automaton A =
(Q,X, π, λ) is a directed graph in which the vertices are the states from Q and the labeled edges have
form q
x|λ(q,x)
−−−−−→ π(q, x) for q ∈ Q and x ∈ X . Examples of Moore diagrams are shown in Figure 5.
Any initial automaton induces an endomorphism of the tree X∗ (here we specifically view X∗ as a tree and
not as a free monoid). Given a word v = x1x2x3 . . . xn ∈ X
∗, it scans its first letter x1 and outputs λ(x1).
The rest of the word is handled in a similar fashion by the initial automaton Api(x1). Formally speaking, the
functions π and λ can be extended recursively to π : Q×X∗ → Q and λ : Q×X∗ → X∗ via
π(q, x1x2 . . . xn) = π(π(q, x1), x2x3 . . . xn),
λ(q, x1x2 . . . xn) = λ(q, x1)λ(π(q, x1), x2x3 . . . xn).
By construction any initial automaton acts on X∗ as an endomorphism. In the case of invertible automaton
it acts as an automorphism. We will denote the group of all automorphisms of X∗ by Aut(X∗). For
each invertible Mealy automaton A one can construct the inverse automaton A−1 defined by swapping the
labels of all arrows in the Moore diagram of A. It is easy to see that the states of A−1 define the inverse
transformations to those defined by corresponding states of A.
Definition 2. Let A be an (invertible) automaton over an alphabet Σ. The semigroup 〈A〉+ (group 〈A〉)
generated by all states of A viewed as endomorphisms (automorphisms) of the rooted tree Σ∗ under the
operation of composition is called an automaton semigroup (automaton group).
Another popular name for automaton groups and semigroups is self-similar groups and semigroups (see [29]).
Conversely, any endomorphism of X∗ can be encoded by the action of an initial automaton. In order to show
this we need a notion of a section of an endomorphism at a vertex of the tree. Let g be an endomorphism
of the tree X∗ and x ∈ X . Then for any v ∈ X∗ we have
g(xv) = g(x)v′
for some v′ ∈ X∗. Then the map g|x : X
∗ → X∗ given by
g|x(v) = v
′
defines an endomorphism of X∗ that is called the section of g at vertex x. Furthermore, for any x1x2 . . . xn ∈
X∗ we define
g|x1x2...xn = g|x1 |x2 . . . |xn .
Given an endomorphism g of X∗ we construct an initial automaton A(g) whose action on X∗ coincides with
that of g as follows. The set of states of A(g) is the set {g|v : v ∈ X
∗} of different sections of g at the vertices
of the tree. The transition and output functions are defined by
π(g|v, x) = g|vx,
λ(g|v, x) = g|v(x).
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Throughout the paper we will use the following convention. If g and h are the elements of some (semi)group
acting on set A and a ∈ A, then
gh(a) = h(g(a)). (1)
Taking into account convention (1) one can compute sections of any element of an automaton semigroup as
follows. For g = g1g2 · · · gn and v ∈ X
∗, we have
g|v = g1|v · g2|g1(v) · · · gn|g1g2···gn−1(v). (2)
For any automaton group G there is a natural embedding
G →֒ G ≀ Sym(X)
of G into the permutational wreath product of G and the symmetric group Sym(X) on X defined by
G ∋ g 7→ (g1, g2, . . . , g|X|)λ(g) ∈ G ≀ Sym(X),
where g1, g2, . . . , g|X| are the sections of g at the vertices of the first level of X
∗, and λ(g) is a permutation
of X induced by the action of g on the first level of the tree.
The above embedding is convenient in computations involving the sections of automorphisms, as well as for
defining automaton groups. Sometimes the list of images of generators of an automaton group under this
embedding is called the wreath recursion defining the group.
In Section 3 we will need to work with dual automata, so we recall here necessary definitions and results.
For any finite Mealy automaton one can construct the dual automaton defined by switching the roles of the
set of states and the alphabet as well as switching the transition and the output functions.
Definition 3. Given a finite automaton A = (Q,X, π, λ) its dual automaton Aˆ is the finite automaton
(X,Q, λˆ, πˆ), where
λˆ(x, q) = λ(q, x),
πˆ(x, q) = π(q, x)
for any x ∈ X and q ∈ Q.
Note that the dual of the dual of an automaton A coincides with A. The semigroup 〈Aˆ〉+ generated by
dual automaton Aˆ of automaton A acts on the free monoid Q∗. This action induces the action on 〈A〉+.
Similarly, 〈A〉+ acts on 〈Aˆ〉+.
For an automaton (semi)group G generated by automaton A, with a slight abuse of notation (since there
might be many automata that define G), we will denote by Gˆ the (semi)group generated by the dual
automaton Aˆ. In the case when the automaton generating G is clear from the context we will call Gˆ the
dual to G (semi)group.
A particularly important class of automata is the class of reversible automata.
Definition 4. An automaton A is called reversible if its dual is invertible. If an automaton is invertible,
reversible, and its inverse is reversible, it is called bireversible.
In particular, for any group generated by an invertible reversible automaton A, one can consider the dual
group generated by the dual automaton Aˆ.
The following proposition is proved in [21] by induction on level of the tree. With a slight abuse of notations
we will denote by the same symbol the element of a free monoid and its image under canonical epimorphism
onto the corresponding semigroup.
Proposition 1.1. Let G be an automaton semigroup acting on X∗ and generated by the finite set S. And
let Gˆ be a dual semigroup to G acting on S∗. Then for any g ∈ G and v ∈ X∗ we have g|v = v(g) in G.
Similarly, for any g ∈ S∗ and v ∈ Gˆ, v|g = g(v) in Gˆ.
Further, we will need a proposition relating the (semi)group generated by an automaton and the (semi)group
generated by its dual.
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Proposition 1.2 ([29, 24, 30]). The (semi)group generated by an automaton A is finite if and only if the
(semi)group generated by the automaton Aˆ dual to A is finite.
The last basic tool that we will need is the orbit tree of the action of an automaton group G. Orbit trees in
various forms have been studied earlier (see, for example, [31, 32, 16, 17, 18]) and describe the partition of
the action of a group acting on a rooted tree into transitive components.
Definition 5. Let G be an automaton group acting on a regular |X |-ary tree X∗. The orbit tree of G is a
graph whose vertices are the orbits of G on the levels of X∗ and two orbits are adjacent if and only if they
contain vertices that are adjacent in X∗. If, additionally, we label each edge connecting orbit O1 to orbit O2
on the next level by |O2|/|O1|, we obtain a labeled graph that we call a labeled orbit tree.
Note that for each vertex in a labeled orbit tree of G the sum of the labels of all edges going down from this
vertex always equals to the degree |X | of the tree X∗. We also remark that one can define orbit tree of G
in terms of connected components of powers of the dual of the automaton generating G (see [17]).
2. Orbit Automaton
We describe below a general construction that sometimes gives additional information about the structure
of a self-similar group that acts non spherically transitively on the levels of the tree. First, we will need the
following auxiliary definition.
Definition 6. Let G be a automaton group generated by an automaton over an alphabet X . The maximum
transitivity level t(G) ∈ N ∪ {0,∞} of the action of G on X∗ is the maximum level of X∗ on which G acts
transitively.
Note that for an automaton A the maximum transitivity level of 〈A〉 coincides with the connection de-
gree uprise(Aˆ) of the dual automaton Aˆ defined in [16], see also [17]. The maximum transitivity level of G also
has a natural interpretation as the length of the initial segment in the orbit tree before the first split.
Suppose that an automaton group G acts on X∗ not spherically transitively, hence t(G) < ∞. Then it
follows from [17, Proposition 15] (whose proof works for arbitrary number of states in the automaton) and
Proposition 1.2 that if all orbits of G on the level t(G) + 1 have size |X |t(G) (i.e. there are |X | edges in the
orbit tree going down from the vertex corresponding to the unique orbit on the level Xt(G) and all of them
are labeled by 1), then G must be finite. Therefore, the most interesting case is when there is at least one
orbit of size greater than |X |t(G).
Definition 7. Let G be an automaton group generated by an automaton over an alphabet X with t(G) <∞
and let O be an orbit of G on the level t(G) + 1 of X∗. Define the orbital tree TO of O to be the subtree
of X∗ consisting of words whose all length (t(G) + 1) subwords belong to O.
Lemma 2.1. Under the condition of Definition 7 of the orbital tree TO the following holds.
(a) TO is an infinite spherically homogeneous tree whose vertices of levels 0 through t(G) − 1 have |X |
children and all other vertices have |O|/|X |t(G) children.
(b) TO is invariant under the action of G.
Proof. By definition no word of length less than t(G)+1 can contain a subword from Xt(G)+1rO, therefore
all vertices of X∗ up to level t(G) are in TO. Now suppose that v = x1x2 . . . xn with n ≥ t(G) is a vertex
of TO. Then v
′ = xn−t(G)+1xn−t(G)+2 . . . xn is a word from X
t(G), so there are exactly k := |O|/|X |t(G)
letters y1, y2, . . . , yk such that v
′yi ∈ O for all 1 ≤ i ≤ k. Therefore, the words vyi, 1 ≤ i ≤ k represent
exactly k children of vertex v in TO. This concludes the proof of item (a). We remark that it was crucial in
the above argument that O is an orbit on level t(G) + 1.
To show (b) we observe that if v = x1x2 . . . xn is a vertex of TO, then for each g ∈ G we have g(v) = y1y2 . . . yn,
where
yiyi+1 . . . yi+t(G) = g|x1x2...xi−1(xixi+1 . . . xi+t(G)) ∈ O
since xixi+1 . . . xi+t(G) ∈ O and g|x1x2...xi−1 ∈ G.
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Next, we introduce the notion of an orbit automaton. The action of G on TO might not be faithful in
general, so for a normal subgroup StabG(TO) of G consisting of elements of g that stabilize TO we consider
a group G = G/ StabG(TO) that acts faithfully on TO. Throughout the paper for g ∈ G we denote by g¯ the
image of g under the canonical projection G→ G. By Lemma 2.1 the orbital tree TO is naturally isomorphic
to the tree Xt(G)Y ∗, where Y = {1, 2, . . . , k} is an alphabet consisting of k = |O|/|X |t(G) letters. This
isomorphism induces the action of G on Xt(G)Y ∗ by automorphisms. The orbit automaton will define the
action of sections of elements of G on k-ary subtrees of the form vY ∗ for words v of length at least t(G).
More specifically, for each v ∈ Xt(G) consider the k-ary subtree Tv of TO hanging down from vertex v. There
is a natural isomorphism
ψv : Tv → Y
∗
defined recursively by levels as follows. The root of Tv is sent by ψv to the empty word in Y
∗. Suppose
for w ∈ Tv the image ψv(w) is defined, and w has children wx1, wx2, . . . , wxk in Tv ordered increasingly,
then we define
ψv(wxi) = ψv(w)i.
For each g ∈ G the isomorphisms ψv, v ∈ X
t(G) induce the action of g¯ ∈ G on Xt(G)Y ∗ as follows. For v ∈
Xt(G) and u ∈ Y ∗ define
g¯(vu) = g¯(v)ψg¯(v)
(
g|v(ψ
−1
v (u))
)
,
where g¯(v) is defined already since v ∈ Xt(G), and g|v(ψ
−1
v (u)) is defined because ψ
−1
v (u) ∈ TO.
Therefore, we can naturally define the sections of elements of G at vertices of Xt(G) that act on k-ary trees
isomorphic to Y ∗:
g¯|v(u) = ψg¯(v)
(
g|v(ψ
−1
v (u))
)
.
Since this automorphism of Y ∗ depends on g and v, we will denote it as (g|v)v, where g|v is an element of G.
Theorem 2.2. Let G be a group generated by automaton with the state set Q that does not act spherically
transitively on the corresponding tree X∗, and let O be an orbit of G on the level Xt(G)+1 of the tree.
The group GO = 〈(g|v)v : g ∈ G, v ∈ X
t(G)〉 < Aut(Y ∗) is an automaton group generated by an automaton
with the state set
QO = {(q|v)v : q ∈ Q, v ∈ X
t(G)}
and the wreath recursion defined as follows. Suppose v = v1v2 . . . vt(G) ∈ X
t(G) has children vx1, vx2, . . . , vxk
in TO, where k = |O|/|X |
t(G). Then
• if t(G) > 0:
(q|v)v =
((
(q|v1)
∣∣
v2...vt(G)x1
)
v2...vt(G)x1
, . . . ,
(
(q|v1)
∣∣
v2...vt(G)xk
)
v2...vt(G)xk
)
σ(q|v)v , (3)
• if t(G) = 0, then v ∈ Xt(G) is an empty word ε and
(q)ε = (q|ε)ε =
((
q|x1
)
ε
, . . . ,
(
q|xk
)
ε
)
σ(q)ε , (4)
where σ
(q|v)v
(i) = j whenever q¯(vi) = v′j holds for i, j ∈ Y , v′ ∈ Xt(G).
Proof. By construction for v = v1v2 . . . vt(G) ∈ X
t(G), appending i ∈ Y to v in Xt(G)Y ∗ corresponds to
appending xi to v in X
∗. Therefore, we have
(g|v1v2...vt(G))v1v2...vt(G)
∣∣
i
=
(
(g|v1)|v2...vt(G)xi
)
v2...vt(G)xi
.
This proves self-similarity of GO and equalities (3) and 4.
Moreover, since (
(gh)|v
)
v
= (g|v)v ·
(
h|g(v)
)
g(v)
(5)
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and (
g|v
)−1
v
=
(
g−1|g(v)
)
g(v)
,
the elements of QO generate the whole GO.
Definition 8. The group GO is called the orbit group of G associated with the orbit O. The automaton AO
defined by wreath recursion (3) (or (4) for t(G) = 0) and generating GO is called the orbit automaton of G
associated with the orbit O.
Remark 2.3. It might not be the case that each element of GO is a section of some element of G. In
particular, it does not follow immediately that if GO is infinite, then G is infinite. However, we do not have
counterexamples to the following conjecture.
Conjecture 1. For each finite automaton group G all of the orbit groups of G are finite.
Despite the previous remark, we still can relate G and GO via stabilizers of vertices from X
t(G) in G. Namely,
for each v ∈ Xt(G) the map
τv : StabG(v) → GO,
g¯ 7→ (g|v)v.
(6)
is a homomorphism since if g¯, h¯ ∈ StabG(v), then
τv(gh) = ((gh)|v)v = (g|v)v · (h|g(v))g(v) = (g|v)v · (h|v)v = τv(g)τv(h).
This fact implies a particularly useful simple lemma that will be used later.
Lemma 2.4. If for some v ∈ Xt(G) the subgroup τv(StabG(v)) of GO is infinite, then G is infinite.
Proof. The statement obviously holds since StabG(v) is a subgroup of G.
For each automaton group we can iterate the process of passing to the orbit groups only finite number of
times. Therefore, this process allows us to associate to each automaton group a finite number of automaton
groups acting on the regular trees of smaller degrees, thus “decomposing” the action of G into a finite number
of smaller pieces.
Proposition 2.5. (a) Each group which does not admit any nontrivial orbit groups is either finite, or acts
spherically transitively on corresponding tree.
(b) For each automaton group G there is only finite number of automaton groups that can be obtained
from G by iterative passing to the orbit groups.
Proof. First of all, if an automaton group does not have any nontrivial orbit groups, by definition this implies
that either t(G) = ∞, in which case the group acts spherically transitively on the tree, or all of the orbits
on the level t(G) + 1 have the same size as the unique orbit on the level t(G). In the latter case by [17,
Proposition 15] the group G must be finite.
To prove (b) it is enough to mention that the degree of the tree is reduced by at least one every time we pass
to the orbit group. Therefore, since each automaton group has only finitely many orbit groups by definition,
by iterative passing to orbit groups one can obtain only finitely many different automaton groups. Moreover,
each such sequence will terminate in either a finite or spherically transitive group.
We conclude this section with an observation saying that the orbit automata are sensitive to passing to
symmetric automata because the order of the letters in the alphabet is used in the construction.
Remark 2.6. As shown in Example 2 below, it is possible for two symmetric automataA1 andA2 to generate
isomorphic groups that have non minimally symmetric orbit automata and potentially non-isomorphic orbit
groups (more precisely, 〈A1〉 could have an orbit automaton that is not minimally symmetric to any orbit
automaton of 〈A2〉).
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Example 1. As a simple example, we will construct below an orbit automaton of the group 〈Bˆ3〉 generated
by the automaton Bˆ3 with the state set X = {O,1} dual to the Bellaterra automaton B3 with the state
setQ = {a, b, c} (both of these automata are depicted in Figure 1). Recall that both automata are bireversible
and the group 〈B3〉 generated by Bellaterra automaton B3 is isomorphic to the free product C2 ∗ C2 ∗ C2 of
three groups of order 2 [29, p.25].
PSfrag replacements
a
b
c
0/00/0
1/1
0/1
1/0
O 1
a/b
b/c
a/c
b/b
c/a
c/a
Figure 1: Automaton B3 generating the Bellaterra group (on left) and its dual Bˆ3 (on right).
The wreath recursion of 〈B3〉 is:
a = (c, b),
b = (b, c),
c = (a, a)σ.
(7)
And the wreath recursion of 〈Bˆ3〉 is:
O = (O,O,1)(a c),
1 = (1,1,O)(a b c).
(8)
The group 〈Bˆ3〉 obviously acts transitively on the first level of Q
∗, and on the second level it has two orbits:
O1 = {a
2, b2, c2} and O2 = {ab, ac, ba, bc, ca, cb}. Since |O1| = |Q|, the orbit automaton associated to O1 is
trivial. We will construct the orbit automaton associated to O2.
The orbital tree TO2 is shown in Figure 2 as a subtree of Q
∗ (the edges of TO2 are shown red bold). This is
the same tree that was considered in [29] and consists of words over Q which do not have equal consecutive
letters.
PSfrag replacements
a b c
ε
a2 ab ac ba b2 bc ca cb c2
Figure 2: The orbital tree TO2 (bold red) of the group generated by the dual to Bellaterra automaton Bˆ3 associated to the
orbit O2 = {ab, ac, ba, bc, ca, cb}, shown as a subtree of the tree Q∗.
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By Theorem 2.2 the orbit group 〈Bˆ3〉O2 acts on a binary tree Y
∗ (for Y = {1, 2}) and is generated by the
set
QO2 = {(O|a)a, (O|b)b, (O|c)c, (1|a)a, (1|b)b, (1|c)c} = {Oa,Ob,1c,1a,1b,Oc}.
According to equation (3) the wreath recursion defining 〈Bˆ3〉O2 is as follows:
Oa = (Ob,1c)σ, 1a = (1b,Oc)σ,
Ob = (Oa,1c)σ, 1b = (1a,Oc)σ,
Oc = (Oa,Ob)σ, 1c = (1a,1b).
(9)
It is clear from above relations that Oa = Ob and 1a = 1b. Therefore, the minimization of the orbit
automaton AO2 is a 4-state automaton shown in Figure 3 that also generates 〈Bˆ3〉O2 . Its wreath recursion
is given below:
Oa = (Oa,1c)σ,
1a = (1a,Oc)σ,
Oc = (Oa,Oa)σ,
1c = (1a,1a).
(10)
PSfrag replacements
0/0
1/1
0/1
0/1
0/1
1/0
1/0
1/0
Oa
Oc
1a
1c
Figure 3: The minimization of the orbit automaton generating the orbit group 〈Bˆ3〉O2 .
The main part of the proof in [29] that 〈B3〉 has a structure of a free product is in showing that 〈Bˆ3〉 acts
spherically transitively on TO2 proved in [29, Lemma 1.10.8]. We suggest an alternative proof of this fact
that uses the orbit group 〈Bˆ3〉O2 .
Proposition 2.7. The group 〈Bˆ3〉 acts spherically transitively on TO2 .
Proof. First, we observe that the orbit group 〈Bˆ3〉O2 contains elements that generate cyclic groups acting
spherically transitively on Y ∗. For example, we can check using AutomGrp package [14] that Oa ·1c is one of
such elements (for algorithms checking spherical transitivity we refer the reader to [28] and [33]):
gap> D:=AutomatonGroup("0a=(0a,1c)(1,2),1a=(1a,0c)(1,2),0c=(0a,0a)(1,2),1c=(1a,1a)");
< 0a, 1a, 0c, 1c >
gap> IsSphericallyTransitive(0a*1c);
true
Next, we observe that Oa · 1c is in the image of the homomorphism τa defined in (6). Indeed, O
2
fixes
vertex a and by (5) we obtain
τa(O
2
) = (O2|a)a = (O · 1)a = Oa · 1O(a) = Oa · 1c.
Therefore, combining transitivity of 〈Bˆ3〉 on the first level, and transitivity of Oa · 1c on levels of Y
∗, by
induction on level we obtain transitivity of 〈Bˆ3〉 on each level of TO2 .
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3. Examples of applications
We now turn our attention to two groups G and H generated by 4-state bireversible automata. We will prove
that both of them contain torsion-free subsemigroups. The methods used for these groups are similar and
use orbit trees of corresponding dual groups. After proving that H has a torsion-free subsemigroup, we use
this fact to prove that G has a torsion-free subsemigroup by relating the group dual to G to H (thus we pass
to the dual automaton twice: first from G to H, and second to prove the result for H). As pointed out in
the introduction, both of these groups are interesting, in particular, because automata that generate them
represent 2 of 6 automata out of all 7421 non-symmetric 4-state invertible automata over 2-letter alphabet
for which other “standard” methods of finding elements of infinite order did not work [27]. The relation
between groups H and G is shown in Figure 4. First, from H we pass to the dual group Hˆ. The orbit
group HˆOqw of Hˆ is isomorphic to the group G. On the other hand, H is related to G exactly in the same
way as G is related to H.
H ! Hˆ
 
HˆOqw
∼= G ! Gˆ
 
GˆOac
∼= H
Figure 4: The relation between groups H and G.
3.1. Group H
Let H be a group defined by the following 4-state automaton B with the state set QH = {q, w, e, r} depicted
in the left side of Figure 5. The wreath recursion defining H is given below:
q = (w,w),
w = (e, q)σ,
e = (r, r)σ,
r = (q, e)σ.
(11)
PSfrag replacemen s
q
we
r
0/1 0/1
1/0
1/0
0/1, 1/0
0/0, 1/1
O 1 q/wq/w
w/e, e/r, r/q
w/q, e/r, r/e
Figure 5: Automaton B generating the group H and its dual Bˆ.
Proposition 3.1. Each finite word over QH that does not contain subwords from {q
2, w2, e2, r2, qe, eq, wr, rw}
represents a nontrivial element in H. In particular, the semigroup 〈er, qr〉+ is torsion-free.
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Since the automaton B generating H is reversible, we can consider the dual group Hˆ generated by the
automaton Bˆ dual to B. The Moore diagram of this automaton is shown in the right side of Figure 5, and
its wreath recursion is as follows:
O = (O,1,1,1)(q w e r),
1 = (1,O,O,O)(q w)(e r).
(12)
Let THˆ denote the labeled orbit tree of the action of Hˆ on the dual tree Q
∗
H. The first six levels of are shown
in Figure 6. In particular, the maximum transitivity level t(Hˆ) equals 1. Observe also that on the second
level of THˆ we have two vertices that correspond to orbits of size 8. According to [17, Lemmas 9 and 11]
this implies that there will be no edge labeled by 3 or 4 below the first level. We prove in Corollary 3.5 that
there is a path in THˆ initiating at the root, whose edges below the first level are all labeled by 2 (as one can
see from Figure 6, it is true up to level 5).
t(Hˆ)
Oqw
4
2 2
1 2 1 2 2
1 2 1 2 1 1 1 2 1 2 2 2 1 1
1 2 1 1 2 1 2 2 1 2 1 2 1 1 2 1 12 1 1 1 2 1 1 2 1 2 1 1 2 1 1 1 2 1 2 1 1 1 2 1
Figure 6: The labeled orbit tree T
Hˆ
(up to level 5).
Out of two orbits on the second level of of Q∗H (that are vertices on the second level of THˆ) we consider the
orbit Oqw = OrbHˆ(qw) consisting of the following vertices (words over QH):
Oqw = {qw,wq, we, ew, er, re, qr, rq}.
Below we will construct the orbit automaton of Hˆ associated with Oqw. Note, that the minimization of the
orbit automaton of Hˆ associated with the other orbit Oq2 of Hˆ on the second level turns out to be trivial.
Consider the orbital tree TOqw associated with the orbit Oqw. This subtree of Q
∗
H consists of finite words
over QH = {q, w, e, r} in which q and e are always followed by w or r, and w and r are always followed by q
or e. By Lemma 2.1(b) TOqw is invariant under the action of Hˆ.
Lemma 3.2. The stabilizer KHˆ = StabHˆ(TOqw) of TOqw in Hˆ has infinite index in Hˆ.
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Proof. By Lemma 2.1(a) the root of the tree TOqw has 4 children, and all other vertices have 2 children.
Therefore the orbit group HˆOqw associated with Oqw acts on the binary tree Y
∗, where Y = {0, 1} is a
2-letter alphabet. By Theorem 2.2 and according to the wreath recursion (12), HˆOqw is generated by
QOqw = {(O|q)q, (O|w)w, (O|e)e, (O|r)r, (1|q)q, (1|w)w, (1|e)e, (1|r)r} = {Oq,1w,1e,1r,1q,Ow,Oe,Or}.
Further, according to (3) these generators satisfy the following wreath recursion:
Oq = (1w,1r)σ, 1q = (Ow,Or),
Ow = (Oq,1e), 1w = (1q,Oe),
Oe = (1w,1r)σ, 1e = (Ow,Or),
Or = (Oq,1e), 1r = (1q,Oe).
(13)
It is clear from the above relations that Oe = Oq, Or = Ow, 1e = 1q, and 1r = 1w hold. The minimization
of the above automaton defines an automaton A:
Oq = (1w,1w)σ,
Ow = (Oq,1q),
1q = (Ow,Ow),
1w = (1q,Oq).
(14)
We would like to point out that the automaton A is obtained from the automaton B by changing the
permutations of all states. This is exactly the same kind of relation that was observed in Aleshin and
Bellaterra families in [22] and [23].
By definition, the group Hˆ/KHˆ acts faithfully on the tree TOqw , which is isomorphic to the tree QH · Y
∗
(for Y = {1, 2}) via isomorphisms ψs, s ∈ QH. This isomorphism between trees induces a faithful action
of Hˆ/KHˆ on QH · Y
∗ defined by the following wreath recursion:
O = (Oq,1w,1q,1w)(q w e r),
1 = (1q,Ow,Oq,Ow)(q w)(e r),
(15)
where the sections Oq, Ow, 1q, and 1w are defined by (14). We will identify Hˆ/KHˆ with the group defined
by this wreath recursion and will prove that it is infinite. This will imply that KHˆ has infinite index in Hˆ.
The automaton A defined by (14) is bireversible, minimized, and its dual is a minimized 2-state automaton.
Therefore, A is not md-trivial and by [16] it generates an infinite group 〈A〉. However, as pointed out in
Remark 2.3, this does not imply immediately that Hˆ/KHˆ is infinite as well: this might not be the case that
for each g ∈ 〈Oq,Ow,1q,1w〉 = 〈A〉 there is an element of Hˆ/KHˆ whose section at some vertex of QH · Y
∗
is g.
Consider the stabilizer S = StabHˆ/K
Hˆ
(q) of vertex q ∈ QH · Y
∗ in Hˆ/KHˆ. It is a subgroup of finite index
in Hˆ/KHˆ and by Reidemeister-Schreier procedure we find
S = 〈1 ·O
−1
,O · 1,O
−1
· 1 ·O
−2
,O
4
,O
2
· 1 ·O〉.
As S stabilizes vertex q, there is a natural homomorphism
τq : S → 〈Oq,Ow,1q,1w〉,
h 7→ h|q.
The image of S under τq is (taking into account that the generators of 〈A〉 are involutions):
τq(S) = 〈g1 = 1qOq, g2 = OqOw, g3 = 1wOw1wOq, g4 = Oq1w1q1w, g5 = (Oq1w)
2〉.
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Observe that τq(S) is a normal subgroup of 〈A〉 = 〈Oq,Ow,1q,1w〉. Indeed, since the generators of 〈A〉 all
are involutions, it is enough to prove that conjugations by them normalizes τq(S). Below, using the fact
that both 〈Oq,1q〉 and 〈Ow,1w〉 are isomorphic to the 4-element Klein group (Z/2Z)
2, we show that this is
indeed the case:
g
Oq
1 = g1, g
1q
1 = g1, g
Ow
1 = g
−1
5 g4, g
1w
1 = g
−1
5 g4,
g
Oq
2 = g3, g
1q
2 = g1g3g1, g
Ow
2 = g3, g
1w
2 = g
−1
5 g
−1
2 ,
g
Oq
3 = g2, g
1q
3 = g1g2g1, g
Ow
3 = g2, g
1w
3 = g3g5,
g
Oq
4 = g
−1
4 , g
1q
4 = (g1g4g1)
−1, gOw4 = g3g
−1
4 g2, g
1w
4 = g
−1
5 g1,
g
Oq
5 = g
−1
5 , g
1q
5 = g1g
−1
5 g1, g
Ow
5 = g3g
−1
5 g2, g
1w
5 = g
−1
5 .
Moreover, since g2Ow = Oq and g1g2Ow = 1q, we have
〈A〉 = 〈τq(S),Ow,1w〉.
Now, 〈Ow,1w〉 ∼= (Z/2Z)
2 implies
[〈A〉 : τq(S)] ≤ 4.
But this means that τq(S) must be infinite as a subgroup of finite index in an infinite group 〈A〉 (recall that
this is the case by non-md-triviality according to [16]). Finally, we conclude (as stated in Lemma 2.4) that S,
and hence Hˆ/KHˆ are also infinite.
Corollary 3.3. The stabilizers of levels of TOqw in Hˆ/KHˆ are pairwise different.
Proof. Since Hˆ/KHˆ is infinite by Lemma 3.2 and all stabilizers of levels are finite index subgroups of Hˆ/KHˆ,
they are all infinite. Let g ∈ Hˆ be an arbitrary element such that g¯ ∈ Hˆ/KHˆ is nontrivial and such that g¯
(and hence g) fixes level n of TOqw . Let m ≥ n + 1 be the smallest level on which g acts nontrivially.
Then there exists a vertex v = x1x2 . . . xm−1 of TOqw , such that g|v acts nontrivially on the first level of
corresponding binary tree. Then g|x1x2...xm−n−1 stabilizes the n-th level of TOqw but does not stabilize the
(n+1)-st. Note that by construction of TOqw the word x1x2 . . . xm−n−1 also represents a vertex in TOqw .
Lemma 3.4. The action of Hˆ on the levels of TOqw is transitive.
Proof. We prove it by induction on the level n. The statement is obviously true for n = 1. Assume that Hˆ
acts transitively on level n for some n ≥ 1.
By Corollary 3.3 there is an element g ∈ Hˆ that fixes the n-th level of TOqw and acts nontrivially on
the (n+ 1)-st level. This means that there is a vertex v on the n-th level of TOqw such that g(v) = v holds
and g|v acts nontrivially and, hence, transitively on the first level of corresponding binary tree.
Fix a vertex vx of the (n+ 1)-st level of TOqw . By induction assumption, for any vertex y1y2 . . . yn+1 of the
same level there is an element h ∈ Hˆ that moves v to y1y2 . . . yn. Then g
kh, where k is 0 or 1, will move vx
to y1y2 . . . yn+1. Thus, Hˆ acts transitively on the levels of TOqw .
The last lemma can be rephrased in terms of the orbit tree of Hˆ.
Corollary 3.5. The orbit tree of Hˆ contains an infinite path from the root labeled by 42∞.
Proof. By Lemma 3.4 each level of TOqw corresponds to one vertex in THˆ. Since (i+1)-st level of TO contains
twice as many vertices as the i-th one for i ≥ 1, the edges in THˆ connecting corresponding vertices are all
labeled by 2. The path in the statement of this corollary is the image of TOqw under the quotient map
from Q∗H to THˆ.
Finally, we provide the proof of Proposition 3.1.
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Proof of Proposition 3.1. The elements of H corresponding to vertices (er)ne, (eq)nqr, n ≥ 0 of odd and
even levels of TOqw respectively, act nontrivially on the first level. By Lemma 3.4 each word v corresponding
to a vertex in TOqw can be moved by Hˆ to one of these vertices. But this means that v has a nontrivial
section and, thus, must be a nontrivial element of H itself.
3.2. Group G
We now turn our attention to the group HˆOqw generated by the 4-state automaton constructed in the
previous subsection. To simplify the notation here we will now denote this group by G, and also we will
rename the generators of G (and the states of the generating automaton) according to the following rule:
a↔ Oq, b↔ 1q, c↔ Ow, d↔ 1w. Finally, the automaton with the state set QG = {a, b, c, d} generating G
will be denoted by C. This automaton is depicted in the left side of Figure 7. Its defining wreath recursion
is as follows:
a = (d, d)σ,
b = (c, c),
c = (a, b),
d = (b, a).
(16)
PSfrag replacements
a
bc
da
0/0 0/0
1/1
1/1
0/1, 1/0
0/0, 1/1
O 1
b/c
c/b
d/a
b/c
c/a
d/b
a/d
a/d
Figure 7: Automaton C generating the group G and its dual Cˆ.
All generators of G have order 2 and the subgroups 〈a, b〉 and 〈c, d〉 are both isomorphic to (Z/2Z)2.
Proposition 3.6. Each finite word over QG that does not contain subwords from {a
2, b2, c2, d2, ab, ba, cd, dc}
represents a nontrivial element in G. In particular, the semigroups 〈ac, ad, bc, bd〉+ and 〈ca, da, cb, db〉+ are
torsion-free.
The proof is very similar to the proof of Proposition 3.1, but by using this proposition one part of the
proof becomes simpler. Since the automaton C generating G is reversible, we can consider the dual group Gˆ
generated by the automaton Cˆ dual to C, shown in the right side of Figure 7. Its defining wreath recursion
is given below:
O = (1,O,O,O)(a d b c),
1 = (O,1,1,1)(a d)(b c).
(17)
Let TGˆ denote the labeled orbit tree of the action of Gˆ on the dual tree Q
∗
G . The first six levels of are shown
in Figure 8. Observe that on the second level we have two orbits of size 4 and one orbit of size 8. Again
according to [17, Lemmas 9 and 11] this implies that there will be no edge labeled by 3 or 4 below the first
level of TGˆ and that there will be at most one path from the root to infinity in TGˆ whose all edges below
level one are labeled by 2. We will prove in Corollary 3.10 that there is such a path (as one can see from
Figure 8, it is true up to level 5).
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t(Gˆ)
Oac
4
1 1 2
1 1 2 1 1 2 2 1 1
1 1 2 1 1 2 2 1 1 1 1 2 1 1 2 2 1 1 1 1 2 1 1 1 1 2 1 1
112 112 112 21 1 112 112 21 1 112 111 1 21 1 1 111112 112 21 1 112 112 21 1 21 1 112 21 1 21 121 1 112 112 21 1 112 11 1 1 21 1
Figure 8: The labeled orbit tree T
Gˆ
(up to level 5).
In the case of Gˆ there is only one orbit Oac = OrbGˆ(ac) of size 8 on the second level of Q
∗
G (that is a vertex
on the second level of TGˆ). This orbit consists of the following vertices (words over QG):
Oac = {ac, ad, bc, bd, ca, da, cb, db}.
By Lemma 2.1(b), the orbital tree TOac—defined as the subtree of Q
∗
G consisting of finite words over QG =
{a, b, c, d} in which a and b are always followed by c or d, and c and d are always followed by a or b—is
invariant under the action of Gˆ.
Lemma 3.7. The stabilizer KGˆ = StabGˆ(TOac) of TOac in Gˆ has infinite index in Gˆ.
Proof. Just as in the proof of Lemma 3.2 by Lemma 2.1(a) the root of the tree TOac has 4 children, and
all other vertices have 2 children. Therefore, the orbit group GˆOac associated with Oac acts on the binary
tree Y ∗, where Y = {0, 1} is a 2-letter alphabet. By Theorem 2.2 and according to the wreath recursion (17),
GˆOac is generated by
QOac = {(O|a)a, (O|b)b, (O|c)c, (O|d)d, (1|a)a, (1|b)b, (1|c)c, (1|d)d} = {1a,Ob,Oc,Od,Oa,1b,1c,1d}.
Further, according to (3) these generators satisfy the following wreath recursion (after taking into account
that Oa = Ob, Oc = Od, 1a = 1b, and 1c = 1d hold):
Oa = (Oc,Oc),
Oc = (1a,Oa)σ,
1a = (1c,1c)σ,
1c = (Oa,1a)σ.
(18)
The key point of the proof is the observation that we get back exactly the automaton B from the previous
subsection defined by (11) under the state correspondence q ↔ Oa, w ↔ Oc, e ↔ 1a, r ↔ 1c. This is
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precisely the reason why we called the group G a “twin brother” of H. In particular, by Proposition 3.1 we
conclude that 1a1c (corresponding to er ∈ H) has infinite order.
Similarly to the case of H, the group Gˆ/KGˆ acts faithfully on the tree TOac , which is isomorphic to the
tree QG · Y
∗ via isomorphisms ψs, s ∈ QG . This isomorphism between trees induces a faithful action
of Gˆ/KGˆ on QG · Y
∗ defined by the following wreath recursion:
O = (1a,Oa,Oc,Oc)(a d b c),
1 = (Oa,1a,1c,1c)(a d)(b c),
(19)
where the sections Oa, Oc, 1a, and 1c are defined by (18). We will identify Gˆ/KGˆ with the group defined
by this wreath recursion. It follows from (19) that
O · 1 = (1a1c,Oa1c,OcOa,OcOa)(c d).
Therefore, O · 1 fixes vertex a and its section 1a1c at this vertex has an infinite order by Proposition 3.1.
Thus, O · 1 itself has infinite order and Gˆ/KGˆ is infinite.
The proofs of the following corollary and lemma are identical to the proofs of Corollary 3.3 and Lemma 3.4.
Corollary 3.8. The stabilizers of levels of TOac in Gˆ/KGˆ are pairwise different.
Lemma 3.9. The action of Gˆ on the levels of TOac is transitive.
As in the case of H, the last lemma can be rephrased in terms of the orbit tree of Gˆ with the proof identical
to the proof of Corollary 3.5.
Corollary 3.10. The orbit tree of Gˆ contains an infinite path from the root labeled by 42∞.
Proof of Proposition 3.6. The elements of G corresponding to vertices a(cb)n, a(cb)nc, n ≥ 0 of odd and even
levels of TOac respectively, act nontrivially on the first level. By Lemma 3.9 each word v corresponding to a
vertex in TOac can be moved by Gˆ to one of these vertices. But this means that v has a nontrivial section
and thus must be a nontrivial element of G itself.
3.3. Dependence of orbit automata on the representative of a symmetry class
We conclude the paper with an example supporting the conclusion of Remark 2.6. We will show that the
relation between H and G shown in Figure 4 is dependent on the symmetry class of the automata generating
these groups. Moreover, we will construct a diagram showing this dependence in details.
Example 2. The automaton Cˆ defined above in equalities (17) is symmetric to the automaton D (obtained
from Cˆ by swapping letters b and d of the alphabet) with the following wreath recursion:
O = (1,O,O,O)(a b d c),
1 = (O,1,1,1)(a b)(c d).
(20)
However, the only nontrivial orbit automaton of the group 〈Cˆ〉 is minimally symmetric to the automaton B
defined by (11), while the only nontrivial orbit automaton of 〈D〉 is minimally symmetric to the automaton
C defined by (16) that is, in turn, not minimally symmetric to B.
More precisely, there are 48 symmetric automata generating G and 48 symmetric automata generating H.
To each of these 96 automata one can apply the same operation of passing to the dual and then to (the
only nontrivial) orbit automaton. In all cases one obtains an automaton symmetric to either B or C. More
precisely, half of 48 automata symmetric to B produces automata symmetric to C and the other half produces
automata symmetric to B again (so these automata are “self-dual” in this sense). And the same is true for
automata symmetric to C. In Figure 9 we show the diagram describing precisely the above connections. The
black vertices correspond to automata symmetric to C and the white ones correspond to those symmetric
to B. The arrows indicate that the target automaton was obtained from the source automaton by passing
to the dual and then to the minimization of the nontrivial orbit automaton. Finally, the vertices are labeled
by the numbers of corresponding automata in the lexicographic order on the set of all automata symmetric
to B and C respectively.
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Figure 9: Relations between automata symmetric to B (white circles) and those symmetric to C (black circles).
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